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Chapter 1

Introduction

1.1 Background

In this thesis the investigations center around mechanisms for interpolating data
and the implications and attributes of assessing computational techniques for the
efficient construction of approximations to functions which are known only at a
discrete, fixed number of points. While the properties of standard approximation
methods have been well cataloged, approximations based on fractal methods using
iterative techniques present new challenges.

In constructing polynomial approximations, it is well known that there are a sig-
nificant number of standard measures of quality which must be considered, and that
problems can develop in attempting to utilize polynomial approximation methods.
Issues which affect polynomial interpolation, such as data sampling (i.e., selectively
sampling the space in place of using regularly spaced intervals), convergence rates
and error estimates, are well established for standard polynomial interpolation meth-
ods. In contrast, fractal interpolation methods and the possible advantages of using
interative methods are less well established. If the graphs of the approximation be-
comes extremely oscillatory, other methods such as spline interpolation or piecewise
interpolation are used. Thus, it is important to consider the design of algorithms
which can be used to construct fractal interpolation splines as well.

There are many other techniques for finding approximations to data other than
interpolation. In interpolation the approximation p which is constructed has the
property that p(xz;) = F; for each data point (z;, F;). Alternative methods for

fitting data include least squares approximation and other best-fit methods. While



these are important, they are beyond the scope of this work and the objective is
to compare and contrast classical techniques using polynomial interpolation with

fractal interpolation methods.

1.2 Background on Interpolation

Consider a set of data points of the form {(z;, F}) € R*: 4 = 0,1,2,...,N},

where

a=2p <11 <Ty<...<xzNy=b (1.1)

An interpolation function corresponding to this set of data is a continuous function

f which satisfies

f(z:)=F,  fori=0,1,2,... N. (1.2)

The points (z;, F;) are called the interpolation points and the function f defined
on the interval [a,b] interpolates the data when the graph of f passes through
the interpolation points[1]. Note that if there are N 4+ 1 data points as given
in (1.2), then there is a unique polynomial of degree N which interpolates these
points. This is because a general polynomial of degree N has N + 1 coefficients
g, a1, ...aN 1,06y which can be uniquely specified. Polynomial interpolation [11]
provides for the construction of a polynomial functions which are derivable from the
data. For example, the unique first-degree interpolating polynomial a2+ ay = f(z)

fits the data in the sense that
a1xy + ag = F() a1T1 +ag = F1 (13)

In other words, the interpolant is the straight line passing through points (zg, Fp)
and (.’131, Fl)



As will be seen, the interpolant, when it is a polynomial, is rarely of degree
higher than three because of problems which develop in attempting to construct
approximations in which the degree of the polynomial approaches the number of
data points. The difficulty is intrinsic to polynomial approximation. Thus whether
the polynomial approximation is constructed using classical methods based on fi-
nite differences or based on fractal methods, the degree of the polynomial will be
constrained to be three or less, from practical considerations. Instead of attempting
to construct a single polynomial over the entire field of data, the technique is to
break up the domain into smaller subdomains, on which a lower degree polynomial
is constructed.

There are many methods for doing the decomposition. These approaches are
classified as piecewise polynomial approximations. For example, instead of finding

the polynomial

N-1 N

pn(T) =ap+ax+ ... +ay 12 + anzT

which interpolates the data points in (1.2) on the interval [a,b], the linear poly-
nomials, p)(z), are constructed on each of the subdomains I; = [2;,2;11], j =

0,1,...N — 1, where
[CL'(),.Tl] U [iEl,.IQ] U [l‘g,ﬂ?g] U...u [.Z'N_l,iL'N] == [a,b]. (14)

Let p : [a,b] — IR denote the unique function that passes through the interpolation
points and which is linear on each of the subintervals I;. Then p(z) is given by

specifying

Pl@)=Fi+(z—=)/ (@ — 2))] (Fja — Fj), =zl (1.5)

that is, the function p(z) is defined to be p! on each interval I; and is called the

piecewise linear interpolation function for the given data.



The difficulty with polynomial interpolation on any interval is that as the number
of interpolation points N increases, even as the approximation improves near the
center of the interval, the behavior tends to be oscillatory at the ends of the interval.
If it is possible to choose the z; freely on the interval of definition of the data, it
is know that a better, less oscillatory fit can be achieved than for evenly spaced
intervals [3]. Thus, at least part of the task in extending interpolation methods to
fractal methods must involve the consideration of techniques which do not rely on

uniformly spaced data.

1.3 Higher Order Approximations

For this thesis, the construction of quadratic interpolants using standard and
fractal methods was examined. The extension to cubic approximations focused on
cubic splines, illustrating the use of these to construct smooth approximations (up
to the second derivative) to data. At the other extreme, instead of attempting
the construction of cubic fractal interpolation methods, the investigation compared
these to the construction of extremely rough interpolants which can be generated

using fractal methods (discussed in Chapter 2).

1.3.1 Constructing Quadratic Interpolants

The construction of quadratic interpolation functions [3] can be accomplished by

taking a polynomial of the form

o) = ap + a1(z — xp) + ag(z — x9)(z — 21) (1.6)

for appropriate constants ag,a;, and a,, and determining the divided differences of

f with respect to zg, 21, and zs.



1.3.2 Constructing Splines

A continuous function S(x), defined on a finite interval [a, b], is called a spline

function of degree £ > 0 (order k£ + 1), having as knots the strictly increasing

sequence,
Aj, j=0,1,...,N, Ao = a, Ay =b. (1.7)

provided on each knot interval [A;, Aj11], S(z) is given by a polynomial of at most

degree k.

1.3.3 Cubic Splines

The most common piecewise polynomial method uses cubic splines. Cubic spline

interpolants obey the following conditions:

(a) S is a cubic polynomial, denoted S, on the subinterval [z}, z;;1] for each j =

0,1,...,N—1;

(b) S(z;) = f(x;) for each j =0,1,...,N;
(C) Sj—t—l(xj—kl) = Sj(xj—f—l) for each _] = O, 1, e ,N - 2,
(d) S;+1(./Ej+1) = S;($j+1) for each j =0,1,... ,N — 2;

(e) S;I+1($j+1) = S;-’(xjH) for each j =0,1,..., N — 2; and,
(f) One of the following conditions is satisfied:

(i) S"(z¢) = S"(xn) = 0 (free or natural boundary); or,

(ii) S'(z¢) = f (20) and S (zn) = f (zn) (clamped boundary).

When the free boundary conditions occur, the spline is called a natural spline, and

its graph approximates the shape a long flexible rod would assume if forced to go

through each of the data points [3].



To solve the system of equations which result from using the cubic spline, the
Crout factorization for tridiagonal linear systems can be used. Thus, requiring the

solution of the following N x N linear system,

E\: anzi + a2z = Ga1,N11
By agmi + agze + assTs = G2,N+1
(1.8)
En_i1: an—1N—2TN—2+AN_1,N-1ZTN—1 T ON_I,NTN = ON—1,N+1
Enx: ayn-1Zn-1 +anNTN = GN-1,N+1

where the a;; are determined by the coefficients. The interpolation and convergence

properties of spline theory have been extensively studied [9].

1.4 Fractal Interpolation

The history of iterated function systems and fractals is discussed in[7]. The
derivation of the formula for the dimension of self-similar sets is contained in Moran
in 1946. Later information involving computers and other technology can be found in
the works of Mandelbrot in 1982, Dekking in 1982, Barnsley and Demko in 1985, and
Barnsley in 1988. A discussion of self-affine sets is given by Mandelbrot in 1986 and
applications to image compression and processing were described in Barnsley (1988)
and Barnsley and Sloan in 1988. The first account of iterated function systems is
that of Hutchinson in 1981, although there were other similar ideas around earlier.

The transition from fractals to Iterated Function Systems (IFS) is natural in that
the IFS provides a framework for the description, classification, and generation of
fractals. This will be discussed more fully in Sec. 3.2. The technique of fractal inter-
polation using IFS’s differs from classical interpolation in that there are no difference

quotients involved; that is, the approximating polynomial is not constructed by the



use of any finite difference scheme. Instead, the polynomial is obtained by iterating
a system of equations until the desired result, i.e., the polynomial approximation, is
obtained.

There is a more substantial difference in these two approaches to constructing
polynomial interpolants. In classical interpolation, the coefficients of the polynomial
are determined by an algorithm which can be generalized to polynomials of any
degree. In the case of fractal interpolation, the technique requires the construction
of functions, whose composition determines the graph of the approximation. The

construction of these IFS’s is more complicated.

1.4.1 The Comparison of IFS to Standard Interpolation

In this thesis standard interpolation techniques are examined for constructing
linear, piecewise linear, piecewise quadratic and piecewise cubic interpolants. These
are compared to four IFS systems which were constructed. The first constructed
was a simple linear IFS that took two vector valued functions, w; and ws, which
connected the pair of points (z1,y;) and (x9,¥y,) using an iteration sequence . In
other words, the attractor of the IFS, is the graph of the interpolation function
f(z) over the interval [z, z2]. The second IFS which was constructed is a piecewise
linear IF'S which took individual linear IF'S and pieced them together to form a new
function. The next IFS constructed was a parabola. This particular IFS was used
to show that a specific quadratic could be formed. However, a more generalized
quadratic IF'S would be difficult to construct. The last IF'S constructed was simply
a general IFS. This particular IFS is constructed in IR?, such that its attractor is

the graph of a continuous function f : [zg,zx] — IR which interpolates the data.



1.5 Computational Considerations

The computation of all numerical examples and work performed in this study
is done using the C programming language. There are any number of alternative
languages which could have been used to construct the algorithms, however it was
felt that C was consistent with current computational techniques and standards. All

of the software developed for this study is listed in Appendix A.



Chapter 2

Fractals and Iterated Functions Systems

2.1 History and Background

The term “fractals” was coined in 1977 by Mandelbrot. It was taken from the
Latin word fractus meaning broken pieces. The term was used to describe objects
that were not easily fit into traditional geometrical settings[7]. Fractals are typically
constructed using iterative algorithms. The applications for fractals are numerous,
including fractal art, however the usual purpose in constructing fractals lies in their
ability to represent how objects in nature occur. They are used in weather prediction
models, population growth and decline models and in models describing the flow of
fluids. For the purpose of this thesis, fractals provide a mathematical tool which is
applicable to the generation and interpolation of graphical data.

In discussing fractals, it is important to observe that there appears to be some
qualitative differences between fractals. Some fractals are self-similar, while others
are not. Fractals which are self similar have the property that an enlarged plot of a
small subinterval of the fractal curve looks like the original plot [15]. Fractals which
are not self similar, or which have different scales of self-similarity are more typical
of the randomness found in nature.

To compare fractals, various measures are used. A geometrical set A is considered

to be a fractal if

(2.1)

exists, where N (A, ¢€) is the least number of balls of radius € > 0 which covers A.

If the limit exists, then D is called the fractal dimension of A. Fractal dimension

9
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Figure 2.1: Illustration of the graph of non-self similar fractal from[10].

affords a measure of how densely populated a metric space is by a fractal set. A
plane is a fractal with dimension 2 and a line is a fractal having dimension 1, while a
fractal having dimension between 1 and 2 can be considered a “proper” fractal. The
dimension of a fractal can be computed numerically, or computed theoretically if it
is a fractal which is self similar. An example of a self-similar fractal is the Cantor

Set, and a fractal which is not self-similar is illustrated in Fig 2.1.

2.2 Basic Mathematical Concepts Used in Understanding Fractals

To understand how fractal curves can be used to approximate data, it is nec-
essary to develop some basic topological ideas of fractals. Since fractals are often
constructed algorithmically by repeated applications of some elementary rules, it is
natural to embed the development of fractals into a framework which can be de-
scribed by Iterated Function Systems (IFS’s). The construction of the fractal can
be understood in the context of an algorithm, however in order to understand the

convergence properties of the construction it is necessary that the IFS construction

10



or algorithm be considered with a background in the mathematics of metric spaces,

particularly the Hausdorff metric space, transformations, and contraction mappings.

2.2.1 Metric Spaces

A metric space (X, d) is a space X coupled with a real-valued function

d:X x X—IR,

which measures the distance between pairs of points in X. The function d must

satisfy certain requirements:

(1) ( )_d(y> ) Vx,yEX;

(il) 0 <d(z,y) < oo, Vx,y € X,z # y;
iii) d(z,z) =0, Vz € X; and,

iv)

d(z,y) < d(z,2) +d(z,y), Yo,y,2z € X.

The function d is called a metric or distance function on the space X. The usual
metric is given by the Euclidean distance between two points.

A metric space is complete if every Cauchy sequence converges to a point z €
X. A Cauchy sequence is a sequence {z,}5, of points in a metric space (X, d)
such that for any given number ¢ > 0, there is N € Z, where N > 0 such that
d(Tp, Tm) < &, Yn,m > N.

There is a mathematical space in which the convergence properties of the IFS
construction used to generate fractals are naturally set. If (X,d) is a complete
metric space then the Hausdorff metric space, denoted H(X), is the space whose

points are the compact subsets of X. The distance d(z, B) defined
d(z,B) = min{d(z,y) : y € B}.

is the distance form the point z to the set B. The distance from a set A € H(X) to

11



the set B € H(X) is given by

d(A,B) = max d(z, B).
The Hausdorff distance function, d; which is used to construct the Hausdorff metric

space, is then given by

dy, = max{d(A, B), d(B, A)}. (2.2)

Thus in a Hausdorff metric space contained in IR?, for example, it is not the indi-
vidual coordinate points (z,y) which are the members of the set, #(X), instead the

members are the compact subsets.

2.2.2 Transformations

In order to work within the geometry of fractals there is also a need to introduce
transformations acting on the space. A transformation on the space X is a function
f X — X, which assigns exactly one point f(z) to each point x € X. A transfor-
mation f on a metric space is a contraction mapping if there is a constant 0 < s < 1

such that

d(f(z), f(y)) < s'd(z,y), V z,y € X;

the scalar s is called a contractivity factor for f.

More importantly, to later understand the concept of certain iterated function
systems, a specific type of transformation must be discussed. This is called the shear
transformation. This thesis uses shear transformations which map lines parallel to
the y-axis into lines parallel to the y-axis. The transformation obeys four linear

equations specified by five real numbers, a,, ¢,, d,, e,, and f,, withn =0,1,... /N:

12



anTo+€, = Tp_1 (2.3)

anTy +6, = x, (2.4)
Cnho -+ an() -+ fn = Fn—l (25)

where d,, is taken to be a free parameter and where F} is the value of the function
at z;, 7 = 0,1,...,N. Then, this will define the shear transformation w, which is

introduced in Sec. 3.5 to develop the fractal interpolation schemes.

2.3 Iterated Function Systems (IFS)

The first noted account of iterated function schemes or systems was in 1981
by Hutchinson, however, there were similar ideas around before this[7]. An IFS is
defined to be a complete metric space (X, d) coupled with a finite set of contraction

mappings
wy,: X — X, (2.7)

with contractivity factors s,. The notation for an IFS is

{X; wp,n=1,2,... ,N}. (2.8)

An TFS has a unique fixed point A € H(X). This fixed point is called the attractor

of the IFS, and is obtained from a finite set of maps acting on a complete metric

space [1].1
1Some me m eem o) mo e om e e o0 em
oe o e o o e e S
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The purpose for developing this machinery is in order to demonstrate that the
iterated maps (IFS’s) used to generate the fractal set, are convergent, i.e., that
there is indeed a unique set which is obtained by iterating the functions infinitely.
The Hausdorff metric is used to measure the convergence of the iterates generated
by the IFS to the desired, converged set. One technique for constructing functional
iterations which converge is to construct them so that they are contraction mappings.
In this manner, on each iteration, the points are mapped by the functional iteration
to new points which lie closer to each other than on the previous iteration by a
factor s.

The demonstration of the convergence of the IFS’s is beyond the scope of this
thesis, however it is important to note that the convergence properties of the IFS’s
used in the thesis can be demonstrated using the construction outlined. In fact,
the IFS’s used in this thesis can be shown to consist of contraction mappings which
have the required properties to assure convergence.

In this study, the IFS’s were constructed using affine linear maps, i.e., linear
transformations of the plane which include a translation in the plane based on the
Deterministic Algorithm of Barnsley [1]. To create visual images of the attractors of
an IFS, the affine linear maps are iterated to an acceptable level of convergence (typ-
ically requiring a large number of iterations) and the results are displayed by plotting
the coordinates of the points. Since the IFS’s consist of affine linear maps,w;, this

can be expressed as the matrix equation

wi(z)=Az+ ;=2 (2.9)
or, explicitly
X1 a; b; T €; T,
w;(r) = w; = + = (2.10)
To ¢ d; To fi Ty

in which the point (z;,7,) € IR is transformed to the point (z,,,) and where a;,

14



bi, ¢;, d;, e; and f; are constants for each map w;.
Barnsley’s Deterministic Algorithm is constructed from these affine linear maps
acting on the space X. Let ;wi,ws,...,wy be an IFS. Choose a compact set Ay,

then construct the sets

Api1 = wi(An) forn=0,1,2,.... (2.11)

This constructs a sequence, {A,;n = 0,1,2,3,...}, of compact sets generated by
mappings on a metric space which can be shown (under suitable conditions) to

converge to the attractor, A, in the Hausdorff metric.

2.4 Fractal Interpolation Techni ues

The application of Barnsley’s Deterministic Algorithm to sets in the plane is
the technique used in this thesis to interpolate data to produce fractal interpola-
tions. The traditional methods for analyzing experimental data have been based
on Euclidean geometry and elementary functions. As discussed in Chapter 1 these
typically yield approximations which are polynomials. Fractal interpolation tech-
niques are different both in construction and in the results that are produced. While
fractal interpolation can produce polynomial approximations, i.e., where the graph
of the attractor is that of a polynomial, they can also produce interpolants which
are fractal curves in the plane. The graphs of these are typically like the graph of
the non-self similar fractal shown in Fig. 2.1. They have a random appearance. The
purpose in constructing these interpolants is clearly different from the purpose in
constructing polynomial interpolants. If the data are assumed to be taken from a
function which is relatively smooth, then using polynomial interpolation, either con-
structed using standard methods, or constructed using an IFS provides a consistent,

representation of the data. If however, the data are not assumed to be smooth, then

15



the fractal set generated by the IFS may be more consistent with the shape of the
data.

Fractal interpolation functions are comprised of simple mathematical expressions
which can be computed rapidly by computer. Clearly, the application of (2.10)
and (2.11) manually is tedious and difficult, however algorithmically these are not
more difficult to compute than the discrete differences used to construct standard

polynomial interpolants.

16



Chapter

Comparisons

3.1 inear Interpolation

Linear interpolation is the approximation of a function f by using a first degree
polynomial. In the general case, the linear polynomial passing through (zg, f(zo))

and (z1, f(z1)) is constructed using the quotients

o(z) = (z — 1)/ (zo — 71) (3.1)

and

1(z) = (z — 20) /(21 — T0) (3.2)

When z = xy, o(xg) =1and 1(zg) =0. When z = x1, o(x1) =0and (z;) = 1.

For the purposes of this study, two points, (x1,y;) and (z2, y2) were chosen. The
linear interpolation program used those points to construct a line segment. These
points were then connected by N interpolation points by using an iterative method
that calculated y; for each new z; on the interpolation function. The program used
to generate the linear polynomial which interpolates the two points was tested and
a typical output from the program in which ten interpolation points were specified
between the endpoints (0,0) and (1,2), is shown in Fig. 3.1.

The resulting line which fills in the data between the two endpoints is not re-
markable, however it does illustrate some attributes of linear interpolation. The
interpolation points introduce no local maxima or minima. This can be shown to
be typical of linear or quadratic interpolation, however it is not the case with higher
order approximations in which oscillatory behavior of the interpolant can become a

problem.

17
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3.2 inear Iterated Function Systems inear Interpolation

The first comparison that was done was between the linear interpolation function

constructed using standard methods in Sec. 3.1 and the linear IF'S shown in Fig. 3.2

The linear IF'S constructs the interpolation points using the Deterministic algorithm

(2.3) (2.6). In this program, an interactive technique was used to input the data.

The user was asked to enter the number of interpolation points and to enter two

points (z1,y;) and (z2,%2) to be interpolated by the program. Those points were

then taken by the program and entered into an IFS {IR%;w:,ws} where

and

18
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To construct the desired interpolation data, the line must be computed from
both the left and right sides. To compute the left side, the initial point was set to
(x2,y2) = (1,2). These points were then decremented by a set value. To compute
the right side, the initial values were set to (x1,y;) = (0, 1) and incremented by the
set value. Once incremented, the values were then output to a file to be plotted.

Notice that both graphs are similar in construction and appearance. For this
particular example, there is no difference in the methods in regard to the output
results, except that it is evident from Fig. 3.2 that the IFS generates interpolation
data which are not uniformly spaced, while the standard polynomial construction
produces interpolants which (in this case) are uniformly spaced. The clustering of
the output data at the endpoints of the interpolation interval is typical of the results
which were obtained using the Deterministic algorithm. It is important to realize,
though, that the set of interpolation points drawn in the figure is collectively the
single point in the Hausdorff space which is the attractor for the system. In this
case the attractor is seen to be the desired straight line joining the two specified
endpoints. Less evident from the static picture of the attractor is the mechanism
by which the point set for IFS interpolant is constructed.

Computationally, the linear interpolating function and the linear IFS took com-
parable amounts of time to execute for the same number of output data, however
in order to fill in the points in the center of the graph, it was required to start
from more initial points. In general, in attempting to construct smooth interpolants
using the IF'S method, this is a problem and the computer time required to fill in

the graph is actually several times longer.
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3.3 Piece ise inear Interpolation vs. Piece ise inear IFS

The simplest piecewise polynomial approximation is piecewise linear interpola-

tion. This is the joining of a set of data points

20



(zo, f(20)), (@1, f(21)),-- -, (Zn, f(24)) (3.5)

by a series of straight lines. A disadvantage of linear approximation is that dif-
ferentiability is not guaranteed, i.e., the function may not be “smooth” at these
points. The piecewise linear interpolation function pieces together several different
line segments and creates a new, continuous function. The piecewise polynomial ap-
proximation can be constructed using standard interpolation methods as described
in (1.4) (1.5), or by using fractal methods.

For the fractal construction, the graph of the piecewise linear approximation
f(z) is also the attractor of an IFS of the form {R*w,,n = 1,2,... ,N} where

the maps are affine. The transformation is of the form:

T a, 0 T €n

Yy cn 0 (] In (3:6)

where the coefficients are obtained from the shear transformation described in (2.3)
(2.6), i.e., the piecewise linear function was constructed similarly to the general IFS,

except that the d, have been set to 0.

3.4 Quadratic Interpolation

The quadratic IFS examined in this thesis has an attractor defined by f(x) =
2z — 2 on the interval [0,2]. This IFS is defined by:

w T 2 0 a

y 1/2 1/4 y (3.7)

21
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where the graph of f(z), ,isequal to {(z,2z—2?):x € [0,2]} and is the attractor
of the IFS. Like the linear IFS, this IFS was constructed in two parts. The right
side of the graph was computed by first setting the value of both = and y. This
was done using decrements and increments, as well. This amounted to computing
points satisfying the equations
x x oy

r=5+1% and y=-g+7+1 (3.9)

and yielding the part of the fractal that covered the interval [1,2]. The left side was

computed in a similar fashion with the equations being
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Figure 3.4: ua ratic| interpolation for ata ta en from the function y = 2z — z?
sho ing that the |  reco ers the ata on the wua ratic cur e.
T ’ T Yy
r =—; and =—+=% 3.10
5 y =5+ (3.10)
constructing the interval [0,1]. Hence, = w;y( ) U wy( ). Note that the graph

generated by the IFS, shown in Fig. 3.4, is sparse toward the center of the interval
[0,2], and contains most of the points clustering toward the endpoints. This is

typical of the behavior of the linear IF'S’s used.

3.5 Comparing Smooth versus Rough Interpolation

The construction of the cubic spline assures that there is both a continuous
first derivative and a continuous second derivative. Interpolation using a general
IFS produces results which are quite rough. The general IF'S, which is of the form

{R*;w,,n=1,2,...,N}, is an affine transformation with the composition
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z Y

—— alg] bl ] dlj]
1.0 -1.0

-1.00 1.54 0.00 -0.54
0.0 0.0
0.00 -0.07 -1.61 2.68
1.0 1.0
1.00 4.75 6.43 -4.18
2.0 8.0
8.00 507 -6.11 2.04
3.0 9.0
Table 3.1: ample ata use to construct cu ic spline appro imation an |  appro -

imation left an compute coe cients of cu ic spline appro imation right use in
computing S(z) in .1

T a, 0 T e
W, = " + " 3.11
A A (3.1)
Unlike the other IFS structures, this particular IF'S has constraints with
Zo Tp—1
Wy, 7, o (3.12)
and
TN _ T _
Wy, =R for n=1,2,...,N. (3.13)

This particular IFS also has a free parameter. In this case it was chosen to be d,
which served as the vertical scaling factor for the IFS. The data points (z,, F},) were
read from a data file and the d,, were generated and a random iteration function was
then applied to the IF'S. This algorithm is a modified version of the Basic Random
Iteration Algorithm given by Barnsley such that the graph of the IFS passes through
all interpolation points and constructs a unique attractor to the IFS[1].

The results of applying cubic spline versus a general IFS to the problem of
interpolating the same data are illustrated in Fig. 3.5. Notice the oscillatory nature

of the general TFS.
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In the implementation of the algorithm, the resulting output will depend on the

choice of coefficients for the IFS. Clearly, this allows for the construction of a range

of possible (acceptable) interpolants. In this particular example, the data used to

25



dy ‘ dy ‘ ds ‘ d ‘ d

0.50000 ‘ -0.50000 ‘ 0.23000 ‘ -0.51080 ‘ -0.35670

Table 3.2:  ample of ar itrar coe cients d,, use to generate | appro imation.

generate the cubic spline interpolant are shown in Table 3.1. In the cubic spline
algorithm, these values are used to calculate the coefficients of the cubic spline
equation, which are also shown in Table 3.1 The coefficients are then substituted

into the equation

S(x) = a; + bj(z — z;) + ¢j(z — x;)* + dj(z — x;)°, z; <z <z (3.14)

The general IFS is constructed and generated much differently than the cubic
spline. For the same input data set (again from Table 3.1) the output which results
is substantially different from that obtained by using the cubic spline algorithm. In
this example, the data were input into the General IFS program. Unlike, the cubic
spline, the general IFS has vertical scaling factors. For the program to run properly,
the total number of scaling factors, d,,, must be equal to the number of coordinates
read in. The coefficients d,, were arbitrarily generated (random generation would
provide the greatest variability in the shape of the resulting fractal). The vertical
scaling factors for this example are shown in Table 3.2.

The data were then entered into the program in order to calculate the shear
transformation for this particular IFS example. After the shear transformations are
calculated using these values in (2.3) (2.6), the data are then pushed through a
Random Iteration algorithm[8]. The random iteration produces an integer value of
k between 1 and N. This value of k£ is then used as an index for the transformation
matrices. The new values for z and y are then calculated and output. The details
are provided in the code in Appendix A. In this example, there were 1000 data

points produced. As is evident from Fig. 3.5 the random iteration inherent in the
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IF'S produces a graph that is quite oscillatory and fractal-like in nature.

Clearly, the randomization which is produced in iterating the functional compo-
sitions need not be entirely random in the sense that the distribution is taken from
a uniformly distributed set. Instead, it is possible with this algorithm to construct
graphs which are generated from other pdfs, for example the Poisson or Gaussian
distributions. While these produce some interesting graphs (not too dissimilar in
some cases from those where uniformly random random numbers are used) it is an
unresolved as to whether the resulting output data retains any of the statistical
character of the original pdf. These are considerations that can be examined in fu-
ture investigations. The details of sampling from a Poisson distribution are provided
in the code in Appendix A.

The lack of smoothness, or the roughness of the IFS-generated graph is not
entirely a drawback. While it is not a useful technique for the construction of data
in the solution of problems requiring smoothness, such as the solution of partial
differential equations, the technique is applicable if the interest is in constructing

images involving natural data such as the outline of a mountain.
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Chapter

Conclusion

4.1 Summary

While the techniques for data fitting have been developed over the last century,
the use of computers in data fitting has been a recent development. The early
techniques for interpolation, being motivated by a desire to provide interpolated
function values, were designed to be efficient for manual computation. The ex-
tension of these techniques to computer based interpolation was natural and the
techniques have been redesigned to improve computational efficiency. However, the
development of IF'S systems to provide interpolation is a relatively new technique,
which like the construction of fractals, requires the use of computers. These ap-
proaches to interpolation are less well developed and the possibilities for their use
are less well developed.

In this thesis we have attempted to examine several basic interpolation schemes
and to examine their properties. We have also examined the use of iterated function
systems to accomplish interpolation. Clearly, these are different from the stan-
dard techniques used to construct polynomial interpolants to data. They appear
to require more computer time (the time could be determined by coding efficiency
which was not addressed, however it is more likely that this is true since the algo-
rithms are substantially more complex than for polynomial interpolation), and these
techniques are more difficult to implement, especially in regard to developing the
traditional smoothed interpolation functions used in classical interpolation. In fact,
these techniques are quite the opposite of the classical techniques in that they pro-

duce interpolated graphs which can be quite rough (that is, they are not smooth).
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Perhaps the most interesting observation is that, of the fractal interpolation tech-
niques which we examined, the ones which produced classical polynomial curves are
hardly fractal, i.e., since the attractor is a line, or piecewise continuous polyline,
or a quadratic, the dimension D of the fractal’ is one, hence a degenerate fractal.
The issues which are touched on in regard to the mathematics of the structure of
the fractals produced are beyond the scope of this paper, however it is important
to observe that the IFS technique is being used to produce rough interpolations of
data to create artificial landscapes and environments. In these applications it is the

standard interpolation techniques which fail.

4.2 Conclusions

In the area of piecewise linear interpolation, the techniques agree, and the IF'S
produces results using a seemingly meaningless iteration technique. There is one
difficulty apparent in the construction which is a drawback from the traditional
approach: the resulting output data are not sorted, that is, the values generated are
produced in the order of the IFS and not in ascending, line number order. Sorted
output data are valuable, and the cost of sorting the data needs to be factored
into the cost of producing usable output results. Still, the technique is useful and

interesting, providing some interesting alternatives to classical interpolation method.
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Apendi A

CcO UTER RO RA S

The programs were written in C on a unix system and compiled using the gnu c

compiler, gcc. All of the graphics were produced using the package

Al inear Interpolation
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A.2 Piece ise inear Interpolation
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A.3 Quadratic Interpolation
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A.4 Cubic Splines
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A5 inear IFS
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A. Piece ise inear IFS
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A.7 Quadratic IFS
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A.8 General IFS
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A.9 Poisson istribution
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